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Abstract. Inequalities derived by Holley are applied to the lattice gas model, Ising model
and higher order spin systems as well as to continuum analogues of spin-1 lattice systems. As
a result, new inequalities for the case of non-ferromagnetic interactions are proved and a
direct proof of a generalization of known magnetization properties is presented.

1. Introduction

Among the rigorous methods of examining models which exhibit phase transitions, an
important role is played by the families of inequalities for correlation functions. GKs,
cHs and FKG inequalities are used most frequently (Griffiths 1967, 1969, Kelly and
Sherman 1968, Griffiths et al 1970, Fortuin et al 1971). It follows from GKs and FKG
inequalities that mean values of some observables are directly related to interaction
constants. This very important property is often used in various proofs. However , apart
from in some specific cases, neither Gks nor FKG inequalities can tell us the net effect
upon mean values when there is a simultaneous change of two groups of interaction
constants in opposite directions. Also, they do not generally allow consideration of
nonferromagnetic interactions. Holley (1974) proved a theorem which gives sufficient
conditions for two probability measures (in an inequality form) when the mean value of
some increasing observable is greater with respect to one of them than the other. The
theorem naturally anticipates the net effect upon a mean value (for an increasing
observable) of an increase of one group of interactions with a decrease of a second
group. It also allows consideration of the case of non-ferromagnetic interactions. This
paper presents results obtained by applying Holley’s theorem to: (i) the lattice gas
model; (ii) the Ising model; and (iii) higher order spin systems and continuum analogues
of the spin-1 systems. Our main results are new inequalities for the non-ferromagnetic
case and a direct proof of a generalization of known magnetization properties in the
spin-3 Ising model.

2. Inequalities for the lattice gas model, Ising model and higher order spin systems
Let us recall for completeness the result of Holley.
Theorem (Holley)

Let I' be a finite distributive lattice, x, y € T, and let f be a real, increasing functionon I’
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(i.e. if x =y then f(x)=f(y)) which we will call observable. Also let »; and v, be two
strictly positive probability measures on I'. If

v1(x v y)valx A y) = vi(x)va(y) 1)

for all x, y e I', where x v y(x A y) denotes a least upper bound (greatest lower bound),
then

(= er(x)vl(x)2 grf(x)Vz(x)E(Dz- 2

Further we will consider only measures which correspond to the canonical ensembles of
the systems under consideration. Hence
exp(Aq,i(x))
Zrer exp(Aq,i(x))
where A, ;(x) = =B, i(x), #,,; is the Hamiltonian, & = 1, 2, 3 denotes the model under

consideration and /=1, 2 denotes a possible choice of interaction constants in the
Hamiltonian. Because of the specifications of v, ;, equation (1) can be rewritten as

Ao (X VY)+Aa2(x AY)ZAg1(X) +Ag2(y). (19

Va,i (x) =

2.1. Lattice gas model

Here, as with the finite distributive lattice I, we consider the set of subsets
A, B, P, ...of afinite set A,

M,i(A) = PZA ¢i(P)np(A) 3)
where
1 ifADP, P#J
"(P)‘{o if A2 P

Lemma 1. The following conditions on ¢;(P) are equivalent to (1): foranya € A, Ja| =1
and any A, B< A\ q, such that AnB =,

Y (—¢2(P+a)+ Y @i(P+R +a))>0 4
PcA R<B
where ‘+’ denotes the symmetric difference of sets.

Proof. First one proves that (1) is equivalent to
Aai(A+B+a)=As1(A+B)=21,:(A +a)—Aq2(A) (5

for any ae A, Ia] =1, A, BcA\a, A nB = (for this proof, see appendix 1). Then
one applies (3) to (5).

Consider now the case of one- and two-body interactions, i.e. ;(P) =0 if [P|>2.In
this case (4) reduces to the following condition on interaction constants:

¢1(a)—¢,(a) +bZB eila+b)+ ZA (e1la+c)—pa(a+c)=0 (6)

foranyaeA, A,Be A\a, AnB=C. Let f be an increasing observable throughout.
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Corollary 1. Attractive interactions.

If

gla+c)=zpila+c)=0
and

‘pl(a)—fpz(a)?C;A(%(a +¢)—eila+c)) ™)
then

=

Corollary 2. Non-attractive interactions.

For any a,ce€ A, a#c, ¢(a+c)=¢,(a+c) are of unspecified signs. Then {f); ={f),
whenever

¢1(@) — @2(a) +min (o, Y ola +b)>0. @®)
B#D

beB

2.2. Ising model

In this case the lattice I is the same as in §2.1.

Az, (A)= PZA J,(P)op(A) 9
where
a'p=l_[a-,l and Oa=2n,—1.
aeP

Lemma 2. The following conditions on J;(P) are equivalent to (1): for any a € A, and
any BcAc A, BcA\a

y 2Ry Jl<o+R+a)aQ<A)—§ IS +a)os(A)=0.  (10)
RcB Q SZa
QNR+a=Q

The proof is given in appendix 2.

Now let us restrict ourselves to the special case when at most pair interactions are
present. Then (10) reduces to

Ji@)=Ta)+ Y (Jilc+a)-Jyc+a))o.(A)+2 bZB Jia+b)=0 11

c#a

foranyae A, Bc AcA, a¢B.

Corollary 1. Ferromagnetic interactions.

Assume that for any @, b€ A and a # b, J;(a + b)=0. Fulfillment of the inequality
Ji{a)—Jxa)= Y [Ji(c+a)—Tyc+a)| (12)

c*a

is sufficient for the inequality (f), = (f), to hold.
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Corollary 2. Non-ferromagnetic interactions.
Let any a,beA, a#b,J(a+b)=J(a+b) have arbitrary signs. Then {(f);=(f),
whenever

J1(@)—Jx(@)+min (0,2 T J(a +b))>0. (13)
B#D beB

2.3. Higher order spin systems

First, let us define the underlying lattice I'. Its elements form the set of all N-
dimensional vectors x, y, whose components can take on the values —p, —p+2,...,
p—2, p, where p denotes a positive integer. We define spins S;,i=1,2,..., N as the
following functions on I':S;(x) is equal to the value of the ith component of x. With the
help of the spins S; we introduce the partial order that x =y if and only if S;(x) = S;(y)
for all i. For the least upper bound x v y:

Si(x v y) =max[S;(x), S;(y)] for all ,
while for the greatest lower bound x A y:
Si{x A y)=min[S,(x), S;(y)] for all i.

The proof that defined I' above in the distributive lattice is given in Lebowitz and
Monroe (1972). The models under consideration are specified by

A= 2,(;&(1‘, )Si(x)S,(x) + F.bi, j)S7(x)S](x)) + i (A ()S:(x)+ A0S (x))  (14)
where £(i, j) = #(, 1) and 9. (i, j) = 7. (. §).

Lemma 3. The following conditions upon interaction constants are sufficient for the
fulfillment of the inequality (1):

A£G, )= 4@ =17y, HI) + Hi(i) = Ha()) = 2(p = Dlpaa (i) — 2(0)| = 0 (15)
and

Hi()~ Hy(i) = 2(p — D1 (i) — w2(d))| (16)
foranyi, j=1,..., N, where G, ) =380, /), v(i, /) =370, /), HG) = H@)/(N-1),
(@) =4()/(N-1).

Proof. A5, can be rewritten in the form of a double sum:
Asn(x)= Z:¢,-Z (8. G, )i (x)8;(x) + 37, (i, /)SEx)SF(x) +[H, (i)/ (N = 118, (x)

+[A.()/(N-1)]SX(x)}

and the inequality (1) will be established if it holds for each term in the sum. First assume
that sites i and j are ordered in the states x and y, i.e. S;(x) = S;(y) and S;(x) = S;(y) or
Si(x)=<Si(y) and S;(x)<5;(y). Then we get £,(i, j) = $,(, j) and v1(i, j) = ,(i, j) and
Hy(i)— Ha(i)= 2(p — 1)|1(i) — p2(i)|. In the second step, assume that the sites i and j
are unordered in the states x and y. Because of the symmetry between i and j it is
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enough to consider only one choice, for example S;(x) <S;(y) and S;(x) > S;(y). This
leads to the condition

208G, =4 = 1)y (i, DI+ Hi () — Ha(i) = 2(p ~ D1 (i) — (i) = 0.
Remark. Note that in the case p =1 (15) and (16) reduce to the corresponding Ising

model condition and when (i) = u,(i) we get the result proved by Lebowitz and
Monroe (1972).

Finally let us consider continuum models of particles of two species with the
following fugacity
z4(r) = exp B(pc(r)a’ + H(r)a) 17)
where a =—2,2,re Vo R”, k =1, 2 and the following pair interactions
X (r—r') = —Fellr—rhaa’ = yo(r-rha’a” (18)

Lebowitz and Monroe (1972) have shown that models defined by (17) and (18) can be
thought of as zero lattice spacing limits, £ - 0, of the models defined by (14) for p = 2.
The corresponding Hamiltonians are related by the following equations:

S, )=F(r—r)), v, j) = y(r = r;)),
H(i)=H(r), p@)=pnE)+B ' In¢

Let S.(X; @, ) denotes the function equal to the number of particles of species a which
are in an open set w < V in configuration X. Also let s;(x; @, ») be defined by the
equation s;(x; &, w)=3, . 8(S;(x), a), where §(-) denotes the Kronecker function.

The above remark and lemma 3 lead to the following corollary.

Corollary 1.

Let f be a real continuous function and let the observable f[s.(x; a, w)] be increasing.
The conditions

20 (ri — )~ 4y (r; — D1+ Hir) — Ha(r)) = 2| ps(r) — p2(r)| =0 (19)

and

Hy(r) — Ha(r) = 2|y (r) — pa(rs)| (20)
are sufficient for the validity of the following inequality:

<f[sc (X, Qa, w)])c,l = (f[sc (X, a, w)])c,z (2 1)

where (- - - )., stands for the mean value with respect to the continuum system grand
ensembile.

3. Final remarks

Some explanations in connection with our statements in § 1 are necessary. First, in fact,
Lebowitz (1972) succeeded in deriving the net effect upon magnetization of a decrease
of pair interactions in conjunction with a suitable increase of magnetic field. This has
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been done by combining Gks and FKG inequalities. Holley’s theorem seems to be a
natural starting point for derivation of such inequalities as it allows direct proofs to be
given. For example, consider a spin-3 Ising model with pair interactions
Ax(A)= Y J(P)ap(A)= Y J(a+b)oas(A)+ ZA h(a)oa(A).
<A a,b aec
]I;’IS2 a#b

Let us now introduce some new notation. {J} denotes the set of all J(a +b) and {h} the
set of all h(a), a, b€ A, a # b, for any increasing observable

Spe A (P)
=2t =S}, kD,

Suppose that every pair interaction constant J(a +b) has been diminished by the
positive value 8J(a +b) such that J(a +b)—é&J(a +b)=0 and at the same time every
h(a) has been enlarged by 6h(a) =2, a5, 8J(a +b). The following inequality is an
immediate consequence of corollary 1 of § 2.2:

H

FalJ - 87}, {h +8h}) = FA(J}, {hD) (22)
or changing J > J+8J
FAQJI}, {h+6h}) = FA({J + 87}, {h}) (23)

(where 8h =3, _, ;.. 8J(a +b)). For translationally invariant, stable interactions, after
passing to the limit A - 0, we get

FUT- 8T}, h+6h)=F(J), h) (22"
or
FAJIY, h+6h)=F(JT +81H) (23')

where F({J}, h) =lim,_. FA{J}, k). Second, we would like to mention that Lebowitz
(1971} derived inequalities for a specific antiferromagnetic model, starting from FKG
inequalities and using a suitable transformation of spins. Some applications of the
derived inequalities are in preparation.
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Appendix 1. The proof of the equivalence between (1') and (5)

First we show that (5) follows from (1'). (1') reads: for any two subsets R, S, of A
/\a,l(R (W) S) +/\a,2(R M S) ZAQ,I(R) +I\a’2(S).

But any R, S< A can be represented by three disjoint sets A =R NS, B=R\A,
C=S\A. (1) is equivalent to

Aai(A+B+C)=As1(A+B)=A,2(A+C)—A,2(A) (A.1)
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for any A, B, C < A which are pairwise disjoint. Taking C=a we get (5):
Aet(A+B+a)—A,1(A+B)=A,2(A +a)—A,2(A).

We now prove that (1') follows from (5). Any C < A disjoint with A and B can be
written as @, +a,+ ... ax, a1, . . ., an € AN(B U A). To prove the converse we apply
(5) several times and obtain the following sequence of inequalities:

A¢:!,1(14 +B +a1) _Au.l(A +B) BAa,2(14 +a1) —'\a,Z(A)
Aa,l(A +a1 +B +a2)—)ta,1(A +a1 +B)2Aa,2(A +a1 +a2)—A¢,‘2(A +a1)
Aat(A+ai+a,+B+as)—A,1(A+a +a,+B)

Z/\a_z(A +a1 +a2+a3) -‘Aa_z(A +a1 +a2)

Ae1(A+C\an+B+an)—A,1(A+C\any+B)
?Aa,z(A + C\aN + aN) 'l\a,z(A + C\aN).

After addition of these inequalities we obtain (A.1).

Appendix 2. The proof of lemma 2

Because (4) is equivalent to (1), we prove that (10) is equivalent to (4). For this purpose
we use the expression relating lattice gas interaction constants ¢;(P) with Ising model
interaction constants J;(P):

@:(P) = sz""(—l)"‘"""f,(R) (A.2)

R>

which follows from the requirement A;; =A,; So for any A < A\(B+a) and any
RcBcAN\a,acA:

Y ¢1(P+R+a)
PcA

- Z Z 2[R+P+a|(__1)]SI—IR+P+G|JI(S)

Pc A SOP+R+a

=1 X 2IR+Pral— )Pl (Q+ R +a)
QnR+a=J

= ; , § N 2|R+P+a|(_ l)IO’I-IF(JI(Q'+R +a)
Q'NR+a=J sRAC

=2.2R” Y J(Q'+R+a)(-1)9Aan?l

Q
Q'nR+a=2

=228 Y J(Q'+R+a)og(A\A) (A.3)

o
Q' NR+a=2
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and similarly we get

Y @x(P+a)=2 ) Ji(Q+a)oo(A\A). (A.4)

PcA Q3a

(A.3) and (A .4) hold for any A < A\ B. Changing the notation from A to A\ A (4) can
be rewritten in the following form:

R;B 2IRI Z; J{(Q'+R +a)og(A) —O; 1(Q+a)ao(A)=0
Q'n"R+a=Q

and this inequality should hold for any A > B.
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